INTRODUCTION
IT is sometimes implied that the segregation of alleles at a number of loci affecting a metrical character should produce a normal distribution. For example, Falconer (1960, p. 109) assumes that any metrical character will have a normal distribution if it is scaled appropriately. Often, of course, there is a transformation to turn a particular distribution into a normal one. But this will not necessarily produce a scale appropriate to the study of biometrical genetics. Most of the theoretical work on biometrical genetics has assumed that a gene has an additive effect on a character. And on the simplest assumptions the distribution produced by n loci segregating for two alleles with additive effects will not be even approximately normal. For example, suppose the gene frequency is p for all n loci, each with an average effect cs. The third moment about the mean is = 2no3pq (q-p) and it is only zero (which it must be if the distribution is normal) if p = 1. The fourth moment is = 2ncs4pq[l+6(n-l)pq].
For a normal distribution = 3V, where V is the variance. In this case becomes approximately equal to 3V2 only when n is very large. If, therefore, we scale a distribution to make it approximately normal, then necessarily we should have made the assumption of additive genetic effects invalid, for genotypic distributions are never normal when the genes are additive.
There are three necessary parameters in the genetic model: the gene frequency, the average effect and the number of loci. They will determine the deviations from normality. Conversely, the deviations from normality may be used to estimate the parameters. Mather (1949) and Cooke and Mather (1962) showed that it was possible to estimate the "number of effective factors ", n, by the variances of crosses between inbred lines if the genes have the same effects at all effectively distinct loci. Robson (1956) showed that the fourth cumulant can also be used to estimate n from these crosses. Making the further assumption that the gene frequencies are alike at all loci, the same calculation can be done for the distribution of genotypes in a population mating at random. The second, third and fourth cumulants of a binomial distibution are K2 = 2npqcs2 K3 = 2npq(p-p)ce3 K4 = 2npq(l-6pq)cs4 and the number of loci by Il = k/(1c-k4k2). Obviously some fairly drastic assumptions have been made to obtain these estimates. Apart from assuming that the average effects and gene frequencies are the same at all loci, we have also assumed that the distribution of genotypes is known. It is my object in this paper to discuss the errors that are likely to be introduced by these assumptions, their likely magnitudes and ways of dealing with them. and similarly
If j-3x = 0 and f4x = 3 V, then
The estimate of the number of loci is therefore
If V is fairly small, so that V is negligible, then the estimate of n becomes 2npq(l +3V) 2pq(l +9V) -which equals f (l+3V) n l+V(9-l/2pq) or roughly n(l+3Vx).
Thus if tl =
-k41c2) then n = /( 1 + 3 V) approximately. The effect of variation between loci in the additive effects of the alleles is therefore to give an estimate of n which is too large and should be reduced by a factor of about l/(l+3V).
VARIATION IN GENE FREQUENCIES
Since the gene frequencies must vary between loci, the genotypic frequencies of a diploid organism are given by
The cumulant generating function is 2 loge (qj +pe°) and the cumulants are then found to be
If the values of uj are all constant, the cumulants can be evaluated in terms of the mean gene frequency and the moments about the mean of the gene frequency distribution. Putting
we obtain K2 = 2n-2ncr
These are quite general expressions which, multiplied by the average effects, , give the cumulants of the genotypic distribution.
The problem is now to give values to 4, p3 and . We must therefore choose an appropriate distribution for the gene frequencies. Suppose Since fl = and = the expressions for , ei and can be found in terms of5, and I. These expressions can then be inserted into the general expressions for the cumulants of the genotypic distribution. After a lot of heavy algebra we get
(l+p)(1+2p)(l+3p)
As 1-the gene frequency distribution becomes narrower and narrower and K2-2n, K3-÷2(q-p)n and K4-÷2(l -6)n.
As an example, suppose
If I = 1, this gives the results previously obtained for a simple rectangular distribution of gene frequencies. I presume that this is likely to be the most extreme case. Generally I expect I to be greater than one. If therefore we estimate ii = -k/k4
the true number of loci is (21+1)
Soforl= l,n _-*l,for1_-2,n=ñandfor1_-3,n=Il. Thelarger values of 1 do not lead to estimates of n that are seriously misleading.
The most satisfactory way to proceed would be to determine from observed gene frequencies an empirical distribution and estimate the value of 1. The general expressions for the cumulants could then be equated to the observed Ic statistics and the equations solved for n, and by one of the standard procedures of numerical analysis using a computer. But this would probably be an unnecessarily refined approach to the problem, for the estimate of the number of loci given by this method is never more than of the order of magnitude of the true number. And it may be no less satisfactory to calculate an estimate
and then get an idea whether it may be too great or too small as a value for n.
From the general expressions for the cumulants we find that
The factor within the brackets is a "correction factor" by which ti should be multiplied to give the true value of n. Table 1 shows the values of the The distribution is of course far from being normal according to these figures.
We get 2IJ = 012178, so that = ft65l3. If 1 = 1, a mean gene frequency offtO65l3 gives a correction factor for ñ of 1492. If l 2, the corresponding correction factor is 1 287. The uncorrected estimate of n is = 2358
Hence the corrected estimates of n are Variation in the average effects would, of course, tend to reduce these estimates. If the variance in the average effects were, say, V = 01, then we should have to reduce the estimate of n to about 23 again. Variation in gene frequencies and average effects may therefore tend to cancel each other out to leave ñ as providing an idea of at least the order of magnitude of n.
THE GENOTYPIC DISTRIBUTION
The calculations of section 3 were carried out using the statistics of a phenotypic distribution of bristles of Drosophila. But unless the heritability (which was unknown in this case) is near to unity, the distribution of phenotypes will not reflect the distribution of genotypes. It is necessary to know the additive genetic variance and also the third and fourth moments as determined by the additive genetic variation alone. The second, third and fourth k statistics can then be found using the formulae given by Fisher (1954, p. 72) .
Since the heritability is the regression of breeding values on phenotypic values (Falconer, 1960, p. 166) , it might be thought that the second, third and fourth moments of the breeding values (Falconer's term for the additive genetic values) would be easy to calculate. But this is not so. If A is the additive genetic deviation -the "breeding value "-and P the phenotypic deviation, then the regression equation is E(A/P) = h2P and the moments of E(A/P) are not those of A.
But suppose that P = A+R, where A is the additive genetic deviation and R a remainder consisting of dominance and environmental deviations.
If so, then A and R will be independent and E(A) = E(R) = 0. The mean value of the offspring of a parent (whose value is P) is equal to A, as shown by Falconer (1960) . Therefore, we get the well known formula
showing that the covariance of the mean of the offspring with a parent is equal to half the additive genetic variance. If values of R are normally distributed, the higher moments and cumulants of the additive genetic values are easy to calculate. Since A and R are assumed to be independent, any cumulant of P is simply the sum of the two corresponding cumulants of A and R. Thus
and if R is normally distributed, then K3R = K4R = 0, so that K2A h2IC2
Thus if the environmental factors cause variation which is normally distributed, the second cumulant of the genotypic values is increased but the higher cumulants are unchanged.
Suppose, therefore, in the example of the bristle numbers, that h2 = 08. 1. The second, third and fourth cumulants of the genotypic distribution of a quantitative character can be used to estimate the number of loci which control the variation in the character.
2. Variations between the loci in the average effects of the alleles will produce estimates of the number of loci which are too large.
3. Variations in the gene frequencies can be allowed for in the calculations if it is assumed that the gene frequencies at the different loci follow a distribution.
4. The cumulants of the distribution of additive genetic effects can be calculated from data on parents and offspring, or they can be calculated from the cumulants of the phenotypic distribution if it is assumed that environmental factors give rise to normally distributed variations.
